Abstract. We investigate the permissible growth rates of functions that are distributionally chaotic with respect to differentiation operators. We improve on the known growth estimates for D-distributionally chaotic entire functions, where growth is in terms of average L p -norms on spheres of radius r > 0 as r → ∞, for 1 ≤ p ≤ ∞. We compute growth estimates of ∂/∂x k -distributionally chaotic harmonic functions in terms of the average L 2 -norm on spheres of radius r > 0 as r → ∞. We also calculate sup-norm growth estimates of distributionally chaotic harmonic functions in the case of the partial differentiation operators D α .
Introduction
The term chaos first appeared in mathematical literature in an article by Li and Yorke [23] , where they studied the dynamical behaviour of interval maps with period three. Schweizer and Smítal [28] subsequently introduced the stronger notion of distributional chaos for self-maps of a compact interval. The study of distributional chaos in the linear dynamical setting was initiated in [25] .
Let X be a Fréchet space endowed with an increasing sequence ( · k ) k∈N of seminorms that define the metric x − y k 1 + x − y k under which X is complete, for x, y ∈ X. We let T denote a continuous linear operator on X.
We say that x ∈ X is an irregular vector for T if there exist m ∈ N and increasing sequences (j k ) and (n k ) of positive integers such that lim k→∞ T j k x = 0 and lim
This notion was introduced by Beauzamy [7] for Banach spaces and generalised to the Fréchet space setting in [11] . We recall that a continuous map g : Y → Y on a metric space (Y, d) is said to be Li-Yorke chaotic if there exists an uncountable set Γ ⊂ Y such that for every pair (x, y) ∈ Γ × Γ of distinct points, we have lim inf n→∞ d(g n x, g n y) = 0 and lim sup n→∞ d(g n x, g n y) > 0.
In this case, Γ is called a scrambled set for g and each such pair (x, y) is called a Li-Yorke pair for g. This notion was introduced by Li and Yorke [23] in the context of interval maps and the connection of Li-Yorke chaos with irregularity for operators was first noticed in [8] .
We note that hypercyclic vectors are irregular, and we recall for separable X that T is hypercyclic if there exists x ∈ X (known as a hypercyclic vector) such that its T -orbit is dense in X, that is {T n x : n ≥ 0} = X. The T -orbit of x ∈ X is said to be distributionally near to 0 if there exists A ⊂ N with dens(A) = 1 such that lim n∈A T n x = 0.
We say x ∈ X has a distributionally unbounded orbit if there exist m ∈ N and B ⊂ N with dens(B) = 1 such that
Combining these properties, x ∈ X is defined to be a distributionally irregular vector for T if its orbit is both distributionally unbounded and distributionally near to 0. This strengthening of irregularity was introduced in [8] . Schweizer and Smítal [28] introduced the notion of distributional chaos for interval maps as a natural strengthening of Li-Yorke chaos. Given a continuous map g : Y → Y on a metric space (Y, d), x, y ∈ Y and δ > 0, let
If the pair (x, y) satisfies F * x,y ≡ 1 and F x,y (ε) = 0 for some ε > 0, then (x, y) is called a distributionally chaotic pair. The map g is said to be distributionally chaotic if there exists an uncountable set Γ ⊂ Y such that every pair (x, y) of distinct points in Γ is a distributionally chaotic pair for g.
In the Fréchet space setting, it follows from results in [8] and [10] that T admits a distributionally irregular vector if and only if T is distributionally chaotic. Hence in the sequel we restrict our study to distributionally irregular vectors. We note that aspects of distributional chaos have been studied in [1, 6, 11, 12, 16, 26, 30, 31, 32, 33] .
The differentiation operator D : f → f ′ , acting on the space H(C) of entire holomorphic functions on C, admits distributionally irregular entire functions (this follows from [10, Corollary 17] ). Bernal and Bonilla [9] gave growth estimates for D-irregular and D-distributionally irregular entire functions. Here growth is in terms of average L p -norms, for 1 ≤ p ≤ ∞, on spheres of radius r > 0 as r → ∞. Permissible growth rates of Dhypercyclic and D-frequently hypercyclic entire functions have been investigated in [13, 14, 17, 18, 21, 24, 27, 29] .
In the harmonic setting, Aldred and Armitage [2] considered the partial differentiation operators
acting on the space H(R N ) of harmonic functions on R N , for N ≥ 2 and 1 ≤ k ≤ N . They identified sharp L 2 -growth rates, on spheres of radius r > 0 as r → ∞, of harmonic functions that are universal (and hence hypercyclic) with respect to ∂/∂x k . Growth estimates in the frequently hypercyclic case were computed by Blasco et al. [13] and sharp growth rates were subsequently identified in [20] . Growth estimates in the sup-norm, on spheres of radius r > 0 as r → ∞, were computed by Aldred and Armitage in [3] for harmonic functions that are universal with respect to the partial differentiation operators
where α = (α 1 , . . . , α N ) ∈ N N and |α| = α 1 + · · · + α N . The frequently hypercyclic case was subsequently investigated by Blasco et al. [13] .
In this paper we compute permissible growth rates of irregular and distributionally irregular functions. In Section 2 we improve the growth estimates from [9] for distributionally irregular entire functions and we also provide lower estimates. In Section 3 we investigate average L 2 -growth estimates of irregular and distributionally irregular harmonic functions with respect to partial differentiation operators ∂/∂x k . Then in Section 4 we compute sup-norm growth rates of distributionally irregular harmonic functions in the case of the partial differentiation operators D α .
Growth of Distributionally Irregular Entire Functions
We consider average L p -growth, for 1 ≤ p ≤ ∞, of entire functions that are distributionally irregular for the differentiation operator D : H(C) → H(C). Initial estimates were obtained by Bernal and Bonilla [9] and here we improve the permissible growth estimates while also computing estimates for lower rates of growth.
We first introduce the pertinent notation and background results. For an entire function f ∈ H(C) and 1 ≤ p < ∞, the average L p -norm is defined as
and we denote the sup-norm by
We will use the fact that absolutely Cesàro bounded operators cannot be distributionally irregular. We recall for a Banach space X, the continuous linear operator T : X → X is said to be absolutely Cesàro bounded if there exists a constant C > 0 such that
for all x ∈ X. If the orbit of x ∈ X is distributionally unbounded, then it was proven in [12, Proposition 20] that lim sup
e r r a for r > 0 sufficiently large.
(ii) Let a = 1/(2 min {2, p}). Let ψ : R + → R + be any function with ψ(r) → 0 as r → ∞. Then there is no D-distributionally irregular entire function f that satisfies
Proof. (i) Since
M p (f, r) ≤ M 2 (f, r) for 1 ≤ p < 2 we need only prove the result for p ≥ 2.
Let 2 ≤ p ≤ ∞ and we assume without loss of generality that inf r>0 ϕ(r) > 0. We consider the space
and we note that (X, · X ) is Banach space which is continuously embedded in H(C). We know from [13, Theorem 2.3] that the sequence
satisfies the Frequent Universality Criterion and hence there exists f ∈ X which is D-frequently hypercyclic on H(C). We can thus obtain a set A ⊂ N such that dens(A) > 0 with
By applying [10, Proposition 8] it follows that f has a distributionally unbounded orbit for D in X.
We next consider the dense subset X 0 of all polynomials in H(C). Combining the observation that lim n D n g = 0 for all g ∈ X 0 with the above fact that f has a distributionally unbounded orbit, it follows from [10, Theorem 15] that f is a D-distributionally irregular function satisfying the desired growth condition.
(ii) For p = 1 the result follows from [9, Theorem 7] . Moreover since
for 2 < p ≤ ∞, it suffices to prove the result for p ≤ 2.
Thus let 1 < p ≤ 2. We consider the space
which is a Banach space with the corresponding norm
Note that X is continuously embedded in H(C) and in particular any function satisfying (2.1) is contained in X. Assume f ∈ X satisfies (2.1). The Hausdorff-Young inequality gives that
for r > 0 sufficiently large and where q is the conjugate exponent of p. So for large r we get that
Arguing as in the proof of [13, Theorem 2.4] we obtain that
and thus the D-orbit of f is absolutely Cesàro bounded on X. It follows from [12, Proposition 20] that the function f is not distributionally unbounded and therefore f cannot be a D-distributionally irregular vector.
Growth of Distributionally Irregular Harmonic Functions
In this section we compute average L 2 -growth rates of harmonic functions that are irregular and distributionally irregular for the partial differentiation operators ∂/∂x k for 1 ≤ k ≤ N . However we first introduce the notation and background from [2, 4, 5] required for our investigation.
We denote by S(r) the sphere of radius r in the euclidean metric centred at the origin of R N . Recall that the space H(R N ) of harmonic functions on R N is a Fréchet space when equipped with the complete metric
for g, h ∈ H(R N ), which corresponds to the topology of local uniform convergence. Above we set |h| S(n) = sup |x|=n |h(x)| for h ∈ H(R N ).
Let σ r denote the normalised (N − 1)-dimensional measure on S(r), so that σ r (S(r)) = 1. The average L 2 -norm on S(r) of h ∈ H(R N ) is defined as
where r > 0. The corresponding inner product is given by
We denote by H m (R N ) the space of homogeneous harmonic polynomials on R N of homogeneity degree m ≥ 0. The harmonic analogue of the standard power series representation of holomorphic functions states that any h ∈ H(R N ) has a unique expansion of the form (ii) Let α ∈ N N . There does not exist a D α -irregular harmonic function h ∈ H(R N ) that satisfies
(ii) Let h ∈ H(R N
For n ∈ N and α ∈ N N we may differentiate under the summation sign to obtain
where we use the convention that D nα = (D α ) n . It follows from (3.6) and (3.4) that
Now suppose that (3.5) holds. By (3.3) we know that d n|α| = O((n |α|) N −2 ) as n → ∞ and hence there exists a constant C, independent of n and r, such that
/2 e r r n|α|+(N −1)/2 for n ≥ 1 and r > 0. Choosing r = n |α| + (N − 1)/2 and using Stirling's formula we obtain that
as n → ∞. Hence the sequence |D nα h(0)| is bounded and since h does not have an unbounded orbit it cannot be irregular. (ii) Let ψ : R + → R + be any function with ψ(r) → 0 as r → ∞. Then there does not exist a ∂/∂x k -distributionally irregular h ∈ H(R N ) satisfying (3.7) M 2 (h, r) ≤ ψ(r) e r r N/2−3/4 for r > 0 sufficiently large.
Proof. (i) Fix 1 ≤ k ≤ N and we assume without loss of generality that inf r>0 ϕ(r) > 0. We consider the space
and we note that (X, · X ) is a Banach space which is continuously embedded in H(R N ). We know from [13, Theorem 4.2] that the sequence
satisfies the Frequent Universality Criterion and hence there exists g ∈ X which is ∂/∂x k -frequently hypercyclic on H(R N ). We can thus obtain a set A ⊂ N such that dens(A) > 0 with
By applying [10, Proposition 8] it follows that g has a distributionally unbounded orbit for ∂/∂x k . We next consider the dense subset X 0 of all harmonic polynomials in H(R N ). Combining the observation that lim n ∂ n /∂x n k h = 0 for all h ∈ X 0 with the above fact that g has a distributionally unbounded orbit, it follows from [10, Theorem 15] that g is a distributionally irregular function, satisfying the desired growth condition, for ∂/∂x k on H(R N ).
(ii) We may assume that ψ is monotonically decreasing. We consider the space
which is a Banach space under the corresponding norm
We note that X is continuously embedded in H(R N ) and in particular any function satisfying (3.7) is contained in X. Let h ∈ X. It follows from (3.1) that h has a unique representation of the form
where H j ∈ H j (R N ) for each j ≥ 0 and moreover by orthogonality we have for any r > 0 that
We may differentiate under the summation sign to obtain
and it follows from (3.8) and (3.4) that
Using (3.7) and (3.2) we get that
where n ≥ 1 and r > 0 and the constant C is independent of n and r. Arguing as in the proof of [13, Theorem 4.2], we obtain that
Therefore the orbit of h under ∂/∂x k is absolutely Cesàro bounded and it follows from [12, Proposition 20 ] that h cannot be distributionally unbounded with respect to ∂/∂x k . Hence no harmonic function h which satisfies (3.7) is a distributionally irregular vector for the partial differentiation operator ∂/∂x k .
Growth of D α -Distributionally Irregular Harmonic Functions
In this section we study permissible growth rates, in terms of the supnorm on spheres, of harmonic functions that are distributionally irregular with respect to the partial differentiation operators D α . The hypercyclic case was studied by Aldred and Armitage [3] and the frequently hypercyclic case by Blasco et al. [13] .
We begin by recalling some notation and results from [2, 3] which are required in the sequel. Set c 2 = 1 and for N ≥ 3 we define the constants We also require a suitable antiderivative for the partial differentiation operators D α . Aldred and Armitage [2] denoted the n th antiderivative, with respect to the coordinate x k , by the linear map
for m, n ≥ 0 and 1 ≤ k ≤ N . They used a specific orthogonal representation of harmonic polynomials constructed by Kuran [22] . We do not require for our purposes to explicitly define the maps P n,k , however we state their pertinent properties in the following fundamental lemma taken from [2, Lemma 4] .
.
Similar to line (4.2) in [13] , for fixed m we will use the simpler estimate We note that the different maps P n,k are mutually compatible since for H ∈ H m (R N ) and ℓ, n ≥ 0 we have that
A proof of this fact can be found in [20, Lemma 3.3] . In particular we note that
for ℓ > n. Aldred and Armitage [3] used an inductive construction with the linear maps P n,k to define suitable antiderivatives for the differentiation operators D α . The main properties of these antiderivatives are contained in the following lemma, which combines Lemmas 2 and 3 from [3] .
where c N is as defined in (4.1) and A, C > 0 are constants depending only on N .
We denote the sup-norm of h ∈ H(R N ) on the sphere of radius r > 0 by
|h(x)| and we say h ∈ H(R N ) is of exponential type τ , for 0 ≤ τ < ∞, if lim sup
We require the following estimate from [15, Proposition 4] (cf. [3, Lemma 4]) which gives that
We also need the following lemma which is taken from [13, Lemma 2.2].
Lemma 4.3. Let 0 < α ≤ 2 and β ∈ R. Then there exists a constant C > 0 such that, for all r > 0
In the following theorem, we modify the approach taken by Bernal and Bonilla [9] for entire functions to construct a class of D α -distributionally irregular harmonic functions which satisfy the required growth estimates. Let A, C > 0 be constants depending only on N . We begin by choosing
Next we choose b 1 ∈ N with b 1 > 2a 2 1 . We subsequently choose a 2 ∈ N with a 2 > b 2 1 such that
and we choose b 2 ∈ N with b 2 > 2a 2 2 . Proceeding in this way we obtain sequences (a n ) and (b n ) with
Next we define the sets
a n , a n + 1, . . . , a n − a n + 1 a 2 n = 1.
Hence we have that dens(A) = 1 and similarly dens(B) = 1. In order to define the required harmonic function h ∈ H(R N ), we consider a sequence (ω n ) ⊂ [0, +∞), with lim n→∞ ω n = +∞. We set (4.8) ω n := min{ω n , n} and we define for n ∈ N (4.9) ω * n = ω n if n ∈ B 0 otherwise.
Next we define the required harmonic function by
Next we prove for every r > 0 that
where x = r. We fix r > 0 and ε > 0. Choose K 0 ∈ N with K 0 ≥ c N r and 1/K 0 < ε, where c N is as given in (4.1). Let j 0 := a K 0 . For each j ∈ A with j ≥ j 0 there exists a unique
since ω * n = 0 for n ∈ B and where we set 1 α = H. It follows from the triangle inequality that for all x ∈ B(r) we have
It further follows from (4.6) that
where d (n−j)|α| is the dimension of H (n−j)|α| (R N ) as defined in (3.2).
Next we consider the case N ≥ 3. It follows from (4.5) that (4.12)
where A ′ , C ′ are constants depending only on N . We recall that the sequence (d m ) given by (3.2) is increasing and satisfies d m = O(m N −2 ) as m → ∞. Combining this fact with (4.11), (4.12), (4.9) , that K > c N r and (4.7) it follows that
where A > 0 is a constant depending only on N and we have taken the constant in (4.7) to be C = C ′ |α| A . For N = 2 we have that d k = 2 for k ≥ 1, so it follows from (4.11) and (4.5) that (4.14)
and a similar calculation to above gives that D jα h(x) < ε. Thus for every given r > 0 we have that
where x = r and hence h is a distributionally irregular harmonic function for D α . Next we consider the growth of h. For N ≥ 3, it follows from the triangle inequality, (4.6), (4.5) and (4.9) that
where A, C ′ > 0 are constants depending only on N . By Lemma 4.3 it follows that
for some constant C > 0 and we get the desired growth.
For N = 2 it follows from the triangle inequality, (4.6) and (4.5) that
By another application of Lemma 4.3 we also get the required growth for the case N = 2. Finally we verify that h is a harmonic function defined on the whole of R N . Fix r > 0 and observe for x = r and K (depending on r) large enough, that by taking j = 0 in a calculations similar to (4.13) and (4.14) yield that the tail Hence by completeness the partial sums of h converge to a harmonic function defined on the whole of R N for N ≥ 2. Proof. We may assume that ψ is monotonically decreasing and we consider the Banach space X := h ∈ H(R N ) : lim r→∞ M 2 (h, r)r N/2−3/4 e r = 0 which is continuously embedded in H(R N ). Let h ∈ X satisfy (4.15). We recall from the proof of [13, Theorem 4.5] that a result of [19] gives that 
